Ginzburg-Landau
Handling the non-normality

Forced nonparallel, nonlinear Ginzburg-Landau equation:

0w + Ud,w + wlw|? = u(x)w + yo,,w + f(x,t)

u(x):=iwg + o — yx*x?
lw| > 0asx » +o

and U,y, wy, 1o, ¥ are positive real constant, f(x, t) a “weak” forcing
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Ginzburg-Landau
Change of variables

We consider the following change of varibles:

u=yyxt
y = XX
Ly_Y_Z
w(x, t) = z(y,u)e?rx” 2

Show that:
. U? u . y>
0%z 0z [Wwotro—7y I N7 Ak
0yZ— ==+ 2y—— —1]z+z|z = f(y,u
“ooy? dy Yx? Yx? Yx?
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Ginzburg-Landau
Change of variables

Ly_Y_Z
w(x, t) = z(y,u)e?rx” 2

5 — 5 _ 0z U %y—%z
xW = X0y,w =X E+Z m—y e

3 L, 622+02 U N 6z+ U U %_3’;
=Xz Tay\ayy V) T oy T oy ) ) \avx ) |°
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Ginzburg-Landau
Change of variables

oew + Ud,w — (iwg + g — Yx*x?)w — yo,,.w + wlw|? = f(x,t)
u _ y?

25 zo2vx’ " Z bz v o (; Y2\, oy
= yx“0,ze*Yx + Uy @+z T e<vx — | lwo + Uop —vXx 7 ze4<vx

2 82Z+aZ<U 2 Y >+ ( U* L2 Y 1) %‘y?z
— VX = A =—— = z ——y— e
4 dy? 0y \2yyx 4 2vx 4 4 4

4y2x* YX
30 3y?
+ z|z|?e2¥X” 2 = f(y,u)

. +U OZ_I_ (U ) (iw0+u0 2)
Z+—|=—+z|—- — | — - VA
“ O yx\oy 2yx Yx? Y

u_ 2
622+62<U 2>+ ( U?2 2 U 1) N llzeVny
— —2y|+z yo ——y— Z|z
dy? Oy \yx 4y2x* YX

u y?

——— +_
e 2vx’ "2

=f(y,w) -
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Ginzburg-Landau
Change of variables

0%z 0z (U U
= 8,7 | —+ 2y —

dy?  dy\yx 124
UZ U i(l)o +,Ll0 U ( U
+z +y2 ——y—1+ —y2——(=—-y
(4)/2)(2 194 yx? vx \2vx
2
2 y y2 f(yr u) —Ly+y—
+ ——z|z[“e¥X = 2yx” 2
0%z 0z U? iwg + Lo 1 U o
=0,z— == —2y— — — — z|z|*eVx
u (63'2 Yoy T\ w2 r ) e
U 2
_ f(}’; u) —m +y7
%
2 2
0%z 9z | 1@o T Ho Zy 2 e%y_yz _%ﬁy?
=0,z——=+ 2 — — 1|z + z|z]| = f(y,u)
T oy2 T oy yX? 2 Y yx?
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Ginzburg-Landau
Eigenvalues/eigenvectors

Show that the normal modes Eigenvalues: z = ZA(y)e’w of the linear opeartor:

. U2
2 lwo+Uug——
auz—a—yz+2y%—< Gl 4y—l>z=0

Are:

Zn = {nHp(y), {n = (2"n! \/ﬁ)_l/z
U2

The normalization coefficients {,, have been chosen such that:
<ZAn» ZAn) =1
+ 00
(21,23) = j 712,67 dy
Hermite polynomials: N
Ho(y) = 1L,H(y) = 2y, ...
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Ginzburg-Landau
Eigenvalues/eigenvectors

. U2
aZZ 07 la)0+[i0—w >
0,2 a2 T 2y 3y ( v 1]z =0

Eigenvalues: z = Z(y)e?*

. U2
25 5 iwo+Ug——
Aé—ﬁ+2y%—< clilas ‘*V—1>2=o

0y? dy 174
wo i U2
o, 0r (leotdy )
ayz T2V 5, ( -~ 1-21)2=0
) =2n
Zn = $nHn(¥), Hy = (o, H1 = 203, ...
; U2 ' UZ
Lwo + Ho — 7, iwo + Ho — 7
> —1-A,=2n=>1, = > —1—-2n
rx e + 2
Normalization coefficient such that: (2, 2,) = 1,{(z,2,) = [__ Zjz,e ™ dy
+00 +00 -1
<ZAn; ZAn) =1= 5an(}’)Can(y)€_y2dy =1= (1% = (J Hn(y)Hn(y)e_yzdy>
— no| -1
Quiberon 2019 (2 Tl\/ﬁ)

catherine.drysdale@onera.fr

Ginzburg-Landau
denis.sipp@onera.fr

7/23



Ginzburg-Landau
Adjoint operator

Let:

aZZ 0z l'a)0+,u0—w
Mz=—a—yz+2y—— —1]z

Considering the scalar-product:

400
— A2
(21,2) =j Z1z;e7Y dy
—o00

Show that the adjoint operator M verifying
<Z1’MZZ> == <MZ1,Z2>
Is:

Show that M is normal (M M= M M), so that the normal mode basis is orthogonal with

respect to (z4, z,).
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Ginzburg-Landau
Adjoint operator

+ LWy + U U® 2
«© . 022 2 . 0 0 W 2 _a Zy .2
(Z1;]V[Zz>=f_ Z123’Ee Y- V12 —1)ze™ — 13 dy? e™ |dy
2
+00 P LWy + Ug —Z—y ,
= j —a—(zlzye‘y )Zz — " —1)zyz0e™7
—00 y
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Ginzburg-Landau
Adjoint operator

e aZl — 2 —y2 —y2
:j —(52316 Y° +z,2e7Y" — 2yz2ye™Y )Zz

2
—1)zyz5e7Y
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Ginzburg-Landau
Adjoint operator

12
teo| 197 LWy + Ug Iy 022, ,
<Zl'MZZ> —LOO WZ}/ Zz_ )/Xz _1 lez —WZZ e y dy
= (]Vtzl,22>
UZ
- 0z, | @0t Ho T g 0%z,
MZ]_ - Zy ay - )/XZ — 1 Z1 - ayz
U2
0z [ WotHo~ gy 0%z
Mz =2y ——— > —1]z——
dy 124 dy

Normal operator:M M= MM
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Ginzburg-Landau
Adjoint eigenvectors

Show that the normal modes: z = Z(y)e’u‘ of the linear opeartor:

: U2
2 —lwg+Ug——
auz—a—yz+2y2—< — 4"—1>z=0

Are:

Zn = EuHL (), $n = (2™n! \/E)_l/z

2
—Llwg + fo -

The normalization coefficients &, have been chosen such that:
(Z,, 2,) =1
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Ginzburg-Landau
Adjoint eigenvectors

A2+ Mz =
UZ
Z LWy + Ho E aZZ
AZ + 2y — — 7 ———=10
o Yy YX? © T oy?
UZ
0z Lwo + Ho — 7 . 9%z
y— - —A|Z——=0
dy YX* dy*
UZ
—lwg + Uy 4y )
Y12 — Ay =20, Zy = §,Hy (y)
Normalization coeffcient:
+ 00 1
(Zn,2p) =1 ann(y)(an(y)e_yzdy =1=¢ = oo — > Cn
e (n f_oo Hn(y)Hn(Y)e Y dy
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Ginzburg-Landau
WNL

There exists uy = ug so that the least-damped normal is marginal:

. U? Uz
lwo + Uo — 7, Ho — 7
AO= > y—].:) Zy—].:O
YX Yx

We now consider a slightly supercritical parameter:
Ho = Mo + 8" =5 + €5
With € « 1land § = 0(1).
Considering the following forcing:
f(x,t) = E'8(y — yf)e'rt
wr = wy + 0,0 = e

3
E' = e2FE
If
1
7z =¢€27'

What is the equation verified by z'?
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Ginzburg-Landau
WNL

. U?
0%z 0z Lwo + Ho "4y eﬁy v
0yZ — =5+ 2y =— > —1)z+ z|z|? >
dy? oy 124 YX
2
iwfue—%y'i'yj
=E'5(y — y;)e vx?
( f) VX2
u=7yyxt
U >
3 0221+2 dz' (iw0+e6> 't er] ,Izey)(yy
=0,z — y —— |z +€Z'|z
o ay? dy 1% yx?
2
iwoU ieﬂue_my"'yT
= EES(y —yf)e vx* e vX? -
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Ginzburg-Landau
WNL

We look for a solution under the form:
z' =zy(u,t) +ez;(u, ) + -
T = €U
What are the equations governing zy(u, t) and z; (u, 7)?
Show that

. Wy
I—=u
zo(u,7) = A(m)e YX* Z,(y)
is an acceptable solution

and that z; (u, T) remains bounded if:
2

U, .2 . u Yf
| |2€VXy y ieQu e 2y’ 2
A_ Z~0,ZAO ZAO - 5
124

dA
dr  yy?

A|A|%2 + Eevx* 2
O(yf) V12
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Ginzburg-Landau
WNL

, , , . 0z 0z, 0z

z' =zo(u, 1) +ez;(u,t) + - = 0,2 = Em + € F + F e

0z, dzy 0z, dzy  0zj iwy + €8 0%z
= —+ + +2y|=—te——|—|———| (2 + €z1) —
du | © ( 0T 0u> Y < dy € dy Yx? (70 + €z1) dy?
U 2
Wy—yz ia)ozu ieﬂ;te_my'i_y?
! 12 —
+ €2y z;| e eES(y — yf)e YX“ evx -~
Order 1:
dzy 0%z} dzy iw
— + 2 — '"=0
ou oyz " Vay yxr "
Order €:
iy—y
62(’,_'_62{ azz{_l_z 0z; iwg , 6 4 ,lzeVX
o ou) ay?  Vay yxrt yxr 0T olel e
. . _u .y
lwou 1eQu e 2vX 2
= ES(y — yr)e vx* e vx?
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Order 1:
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Ginzburg-Landau
WNL

! ! . 2 0
0z 0zy iwg , 092

! i—ozu,\
= zo = A(M)e X" Zy(y)

Ginzburg-Landau

2y —2 — ——0_
6u+ yay y)(ZZO dy?
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Ginzburg-Landau
WNL

Order €:

Y o2
az{)+az1 0°z4 " 0z; iwy , J .y |zeyxy ’
dt Jdu dy? yay X2 241 )/)(2 20+ Zols yx*

5( ) in;,t ieﬂge my y?
= F — eVX" eVX
2 Y —Yr VY x2
dz; 0%z, 0z; lwg
= — + 2 — 1
ou oy oy yp2
dA 29y ) i—% 2 2 LU € ﬁy "
=———e YX* 2, +y714209 X2 — A|AI22012|%€ YX Y

U y?

iwou €Qu , 2yxY 12
2 2 e
+ ES(y — yf)e YX“ e¥X

Y X2
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Ginzburg-Landau
WNL

2

U, _y2 . _U .y
o — 2 5 £ Az, — AlAPS, |2 |Zemy i +E8( ) ot Tl 0
= \Zyg, ———Z2 —— AZy — YA VA S Yy — Yr)e€ =
O dr T Tyt OOy I vx?
u 2
vy Y
dA o) eYx
= ——(Z2y,Zg) + —= A2y, Z —AA2<Z,2 Z 2—>
dT< 0 0) VXZ ( 0 0) | | 0 0| 0| VXZ
Uu y?
ieﬂ;t e v’z
+Eevx* \%,6(y —y =0
( f) VX2
u_ u _ f
=% < PR > 17 + BV )
= A— Zo,ZAO ZAO ——| A|A|* + Ee¥X Zoy
dt ~ yx? yx? 77 yx?
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Ginzburg-Landau
WNL

Show that the physical solution is:

L
w(x, t) = {,C'(t)e'®rte2y” 2
2,.2
dC’ U, 2 U X°Xf
dt (10" +67)C" - <Z~0»ZAO|ZAo|2€yXy g >C'|C’|2 +&e v 2 g

And that the saturation amplitude of the limit-cycle oscillations is:
U2
o max|C' (6)] = 24/4e 67V E"

We remind that in the case of the naive approach:
2,2

U P
w(x, t) = {C'(t)e'®rte2ry” 2
dc’ u__X°xj
— = (=i + 6)C' —< W, W, |W,|?> > C'|C'|?> + & 2y 2 F'
Show that the saturation amplitude ¢ mtaXIC’(t)I exhibits the same value.

Differences between the two approaches are expected at the next order in fact.
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Ginzburg-Landau
WNL

U + 00 Uy 2 +00 gx_Zszz
Z0, 201201272 fo(oj Vx> e dy = 1~ )(j ev dx
_1
T 4
(OmtaxlC’(t)|= o - V6’ = — V6’
2 P —
\/<Z0»ZO|ZO|ZBYXy g > T ZXZ\/
% -
- V&' = 214 1675
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The Ginzburg-Landau eq.

WNL

+00 U x2>x? 3U, 3x
< W, Ww.|w,|? >= e 2v" 2 (3e2y 2 dx =§&783
—00
+ 00
X —x—2)°x?
__1(3f eV Y dx
w2 7%
1
¢ T4
{ max|C' ()] = e V5 =
t \/< W, we|w.|? > X%\/
vz 2%
— 21/40 16y%x%4/§' = o VS
el6y2X2
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